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SMOOTH CLASSIFICATION OF GEOMETRICALLY FINITE
ONE-DIMENSIONAL MAPS

YUNPING JIANG

ABSTRACT. The scaling function of a one-dimensional Markov map is defined
and studied. We prove that the scaling function of a non-critical geometrically
finite one-dimensional map is Holder continuous, while the scaling function of
a critical geometrically finite one-dimensional map is discontinuous. We prove
that scaling functions determine Lipschitz conjugacy classes, and moreover,
that the scaling function and the exponents and asymmetries of a geometri-
cally finite one-dimensional map are complete C'l-invariants within a mixing
topological conjugacy class.

1. INTRODUCTION

Two smooth self-maps f and g of a one-dimensional compact C?-Riemannian
manifold M are topologically conjugate if there is a homeomorphism & from M onto
itself such that h o f = g o h. In the paper [7], we proved that if f and g are both
geometrically finite, then h is quasisymmetric [1], whence it is Holder continuous
[1]. Usually & is not smooth because f has a lot of smooth invariants, for example,
all eigenvalues of f at periodic points. Let f and g be orientation-preserving, ex-
panding circle endomorphisms. Shub and Sullivan [10] proved that if h is absolutely
continuous, then it is smooth. Sullivan [11] also proved that if the eigenvalues of f
and g at all corresponding periodic points are the same, then h is smooth. Similar
work has been done by Herman [3] for circle diffeomorphisms and by de la Llave
and R. Moriyén [8] for Anosov diffeomorphisms of a torus. All these are results
for maps without critical points. An important problem is to smoothly classify
maps with critical points. Our first result [4, 5] in this direction gives the smooth
classification of Ulam-von Neumann transformations (certain folding maps of an
interval with one power law critical point). We proved that the eigenvalues at all
periodic points together with the exponent and the asymmetry at the unique criti-
cal point of an Ulam-von Neumann transformation are complete smooth invariants.
In general, all eigenvalues at the periodic points of a map may not be enough in the
smooth classification of maps. To overcome this difficulty, Sullivan [12] introduced
from physics (see, for example, [2]) a slightly stronger smooth invariant, the scaling
function of a Cantor set, to smoothly classify certain embedded Cantor sets in the
real line. In this paper, we define the scaling function for a Markov map and study
the scaling function for a geometrically finite one-dimensional map. We use scaling
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functions to smoothly classify geometrically finite one-dimensional maps within a
topological conjugacy class.

Suppose M is a one-dimensional compact C2-Riemannian manifold. A geomet-
rically finite one-dimensional map f is a certain self-map of M with finitely many
power law singular points. We give the definition of a geometrically finite one-
dimensional map f in §3.1. We give the definition of the dual phase space ¥* and
of the scaling function s, on X*, of a Markov map f with a fixed Markov partition
n of M to f in §2.2. A singular point ¢ of a geometrically finite one-dimensional
map f is critical if f is differentiable at ¢ and f’(¢) = 0. A non-critical singular
point is a non-differentiable point of f. A geometrically finite one-dimensional map
f is said to be critical if it has a critical singular point and to be non-critical if it
has only non-critical singular points (see Definition 4 in §3.1). For a geometrically
finite one-dimensional map f, there is a natural Markov partition 1 of M to f which
consists of all intervals in the complement of the orbits of singular points of f in
M. We only consider this natural Markov partition 7 as a fixed Markov partition
for a geometrically finite one-dimensional map f. Then we can say that the dual
phase space ¥* of a geometrically finite one-dimensional map f. A function s on
>* is said to be Holder if there are constants C' > 0 and 0 < v < 1 such that
|s(a}) — s(ad)| < Cv™ whenever the first n digits wy, of aj = -+ - w, and a5 = -+ - w,
in ¥* are the same. In §3.2 and §3.3 we prove the existence of the scaling function
s on X* of a geometrically finite one-dimensional map f.

Theorem 1. Let f be a non-critical geometrically finite one-dimensional map.
Then the scaling function s on X% of f exists and is Holder.

Theorem 2. Let f be a critical geometrically finite one-dimensional map. Then
the scaling function s, on X%, of [ ewists.

Furthermore, because of the existence of critical points for a critical geometrically
finite one-dimensional map, we prove that

Corollary 1. Let f be a critical geometrically finite one-dimensional map. Then
its scaling function s is discontinuous on X*.

In §2.2, we prove that the scaling function of a Markov map f with a fixed
Markov partition n of M to f is a stronger smooth invariant than the set of all
eigenvalues at periodic points of f as follows: let X* be the dual space of f with 7,
let ¢* be the shift map of ¥*, and let h, be a map from the set of periodic points
of o* onto the set of periodic points of f, which we define in §2.2.

Proposition 3. Let f be a Markov map and let n be a fired Markov partition of
M to f. Assume that the scaling function s on ¥* of f with n exists. Then for
every periodic point a* of o* of period m,

L:m_ls O'* ol CL*
1~ L s @),

where p = h.(a*) is a periodic point of f of period m and E, = (f°) (p) is the
eigenvalue of f at p.

An object is said to be a C''-invariant if it is the same for f and for ho f o h™!
whenever h is a C*-diffeomorphism of M.
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Proposition 4. Let f be a Markov map and let n be a fired Markov partition of
M to f. The scaling function s, on X%, of f with n (if it exists) is a C'-invariant.

A geometrically finite one-dimensional map f is said to be simple if its post-
critical orbits and its set of critical points are disjoint. To avoid notational compli-
cation, we restrict discussion in §3 to simple geometrically finite one-dimensional
maps. Let F be an (orientation-preserving) topological conjugacy class in the space
of simple geometrically finite one-dimensional maps; that is, F is a set of simple
geometrically finite one-dimensional maps such that every pair f and g in F are
topologically conjugate by an orientation-preserving homeomorphism h of M. Since
all maps f in F have the same dual phase space ¥*, we may speak of the dual phase
space %* of a topological conjugacy class F. We note that a topological conjugacy
class F can be described by a kneading sequence (see [9]). We prove in §3.4 that
scaling functions determine Lipschitz conjugacy classes in F as follows:

Theorem 3. Let f and g be maps in F and let h be the conjugacy from f to g.
Then h is bi-Lipschitz continuous if the scaling functions sy and sq, on ¥*, of f
and g are the same.

A singular point p of f is said to be a fold singular point if f'(x)f’'(2p—x) < 0 for
x # p near p. Let F'SP be the set of all fold singular points of a geometrically finite
one-dimensional map f, and let FSO = (J;2, f°*(F'SP) be the post fold singular
orbits. Let & be the set of closures of intervals of M \ FSO. A geometrically
finite one-dimensional map f is mixing if for any interval I in the natural Markov
partition 7, there is an integer n > 0 such that f°"(I) = M. Since the mixing
condition is a topological invariant, we may speak of a topological conjugacy class
F being mixing. We will prove that within a mixing topological conjugacy class F,
the scaling function s, on ¥*, and the exponents and asymmetries of a map f in F
are complete C''-invariants. We first prove a rigidity result for geometrically finite
one-dimensional maps. Let GSO be the grand singular orbits of f (see §3.4).

Theorem 4. Let f and g be maps in a mizing topological conjugacy class F. Let
h be the conjugacy from f to g, i.e., ho f = goh. Then h|I for any I in & is
a CY*B_diffeomorphism for some 0 < 3 < 1 if and only if (i) h is differentiable
at one point p in M \ GSO with non-zero derivative and (i) the exponents and
asymmetries of f and g at all corresponding critical points are the same.

Since a Lipschitz homeomorphism h is absolutely continuous, it is differentiable
at almost all points with non-zero derivatives in M. Thus Theorems 3 and 4 tell us

Theorem 5. Let f and g be maps in a mizing topological conjugacy class F and
let 3* be the dual space of F. Let h be the topological conjugacy from f to g,
i.e., foh = hog. Then hlI for any I in ¢ is a C*P-diffeomorphism for some
0 < B < 1if and only if the scaling functions sy and sy, on X*, and the exponents
and asymmetries of f and g at corresponding critical points are the same.
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2. THE SCALING STRUCTURE OF A MARKOV MAP

Let M be an oriented compact one-dimensional C?-Riemannian manifold and
let f: M — M be a continuous self-map. The map f is said to be Markov if there
isaset n={I, -, I} of closed intervals of M such that

a. I, - - -, Iy have pairwise disjoint interiors,

b. the union Ule I; of all intervals in n is M,

c. the restriction f|I to every interval I in 7 is injective and continuous, and

d. the image f(I) of every interval I in n under f is the union of some intervals
in 7.

Remark 1. A set of closed intervals satisfying a, b, ¢, and d is called a Markov
partition of M to f. For a Markov map f, one can find many Markov partitions of
M to f. But there is the natural one for a map which we discuss in §3.

2.1. Symbolic dynamical systems and phase spaces. Let f be a Markov map
and let n = {I;, ---, Iy} be a fixed Markov partition of M to f. Let g; be the
inverse of the restriction f|I; for ¢ = 1, ---, k. A sequence w,, = ig---i,—1 of
symbols {1,--- , k} is said to be admissible if I;,, C f(I;,, _,) for every m =1, ---,
n — 1. For an admissible sequence w,, = ig---in_1, define g,, = gi, 0---0¢gi, ,,
and define I,, = gu, (f(L;,_,)). We use n, to denote the set of intervals I,
for all admissible sequences w, of length n; we call 7, the n!* partition of M
induced from f with . (It is also a Markov partition.) We use A, to denote
the maximum of the lengths of intervals in 7,,. We always assume that A\, tends
to zero as n goes to infinity. Then (X, o) is the phase space of f with 7, where
Y = {a = igi;---} is the set of all infinite admissible sequences with the product
topology and o (igiy ---) =iy --- is the shift map of X.

Proposition 1. Let f be a Markov map and let n be a fired Markov partition.
Then there is a continuous map h from ¥ onto M such that foh=hoo on X.

Proof. For every a = igiy--- in X, let w,, = igi1 - in—1. Every w, is admissible
and I, ., C I,, for n > 0. Hence ()2 Lw, is a nonempty set. But from our
assumption that A\, tends to zero as n goes to infinity, this set contains only one

number z,. Set h(a) = x,. Then

f(h(a)) = fza) = f (ﬂ Iwn> = () fw) = () Lotwn) = h(o(a)).

Now let us show that h is continuous. Two points a and b in 3 are n-close
if the first n digits of them are the same. Suppose a = ig-+-ip_1ip -+ and b =
g+ in—1i, --- are n-close. Then h(a) and h(b) are in the same interval I, , where
Wy, =40 - ip—1. This implies that |h(a) — h(b)| < A,. So h(b) tends to h(a) in M
as b tends to a in ¥ because \, tends to zero as n goes to infinity. This means that
h is continuous at every point a in 3.

The map h is onto because Ulenn I = M for every n > 0. Actually, h is
one-to-one except for countably many points which are the preimages, under h, of
endpoints of intervals of n,,, for n > 0. =

The dynamical system o of ¥ is a topological model of a topological conjugacy
class as follows:



GEOMETRICALLY FINITE ONE-DIMENSIONAL MAPS 2395

Proposition 2. Let f be a Markov map and let n be a fired Markov partition of M
to f. Suppose (X, 0) is the phase space of f withn. A Markov map g is topologically
conjugate to [ if and only if there is a Markov partition ' of M to g such that the
phase space of g with 1’ is (X,0).

Proof. Suppose g is topologically conjugate to f. There is a homeomorphism H of
M such that Ho f = go H. Let = H(n). Then 7’ is a Markov partition of M to
¢ and the phase space of g with 7" is (X, o).

Now suppose there is a Markov partition " of M to g such that the phase space of
g with  is also (¥, ). From Proposition 1, there are two continuous maps h; and
ho from ¥ onto M such that foh; = hjoo and gohy = hooo. Let H = h20h1_1. It
is defined on M except for countably many points which are endpoints of intervals
in the partitions {7, } under h;. The map H is also uniformly continuous. So it
can be extended to a continuous map from M to M. Using the same argument,
H=' = hy o hy! can be also extended to a continuous map from M to M. Hence
H is a homeomorphism of M. =

2.2. Dual symbolic spaces and scaling functions. Suppose f is a Markov map
and n = {I, ---, I} is a fixed Markov partition of M to f. In this section, we
consider another symbolic space induced from f with 7.

Let T',, be the set of all admissible sequences (see §2.1) w,, of length n. An (n,m)-
right cylinder for 0 <m <n—11is {wy, = ip_1---i0 € [y | iy =i,1 =0,--- ,m},
where w? = i%_,---4} is a fixed sequence in T',,. All the (n,m)-right cylinders
form a topological basis of I';,. Let I'’ be the set I',, with this topological basis and

(E*, cr*) be the inverse limit of the sequence {(F;‘l, I;;) 10y, where I : T — T4
is the inclusion and o* : ¥* — ¥* is the shift. We call * = {a* = - 140} the
dual phase space of f with 1. The scaling function of f with 7 is a function defined
on the dual phase space ¥*. For a* = ---i1i9 and w,, = 9,_1--- %109, we have
o*(a*) = ---i1; we also denote o*(wy,) by Gp_1 - i1.

Let a* = ---w, in X*. Define

n |

L
s(wy) = —2—.
|Ia*(wn)|
Definition 1. If lim, o s(wy) exists for every a* in ¥*, then we define the
scaling function s(a*) = lim,—, 4 o0 $(wy,) on X*.

Let a* be a periodic point of ¢* of period m. Then a* = wi® = - Wy, - - Wy,
where wy, = im—1---% is an admissible sequence of length m. We may define
ha(a*) = 2y Ly: since Iis1 C L 5 ha(a®) is a periodic point of f of period m.

Proposition 3. Let f be a Markov map and let n be a fired Markov partition of
M to f. Assume that the scaling function s on ¥* of f with n exists. Then for
every periodic point a* of o* of period m,

L:m_ls o* ol CL*
1~ L s @)),

where p = h.(a*) is a periodic point of f of period m and E, = (f°™) (p) is the
eigenvalue of f at p.



2396 YUNPING JIANG

Proof. Suppose a* = wyy. Then f°™(I i+1) = I, . So
—1 |I'LUZV1+1 | -1

- |Iuﬂ | - H S((U*>Ol(wj;_1))

=0

(7o) o)

for some b; in I i+1. As i goes to infinity, b; tends to p and s((c*)°!(wii!)) tends
to s((0*)°!(a*)). Hence

Proposition 4. Let f be a Markov map and let n be a fired Markov partition of
M to f. The scaling function s, on ¥*, of f with n (if it exists) is a C*-invariant.

Proof. Let g = ho f oh™! where h is a C!-diffeomorphism of M. Then g is a

Markov map and 1’ = h(n) is a Markov partition of M to g. Let s; be the scaling

function on ¥* of f with  and let s, be the scaling function s on X* of g with 7.
For every a* = - - - w,, w, is admissible and

hTw ) (W)l [ Tw, | [P (b))
Sq(wp) = = : = - s(wp
R T R AR T BT CATS AR
where b, and b), are in I,,. As n goes to infinity, sq(w,) — s4(a*), s¢(wyn) —
sg(a*), and |R'(b,)]/|R'(b],)] — 1. Hence sq(a*) = sp(a*). So sy = s4 on *. L]

3. GEOMETRICALLY FINITE ONE-DIMENSIONAL MAPS

Let M be a one-dimensional compact C?-Riemannian manifold. Suppose that
f: M — M is continuous and piecewise C'. A singular point a of f is either a
non-differentiable point or a differentiable point with zero derivative. A singular
point a of f is said to be a power law singular point if there is a v > 1 such that

!/ !/
TN 41 C) R M i CON
T—a+ |;C — a|7_1 T—a— |(,E — a|V_1
exist with nonzero limits B4 and B_. The numbers v and A = B, /B_ are called
the exponent and asymmetry of f at a.

Remark 2. Both v and A are orientation-preserving C'-invariants, i.e., they are the
same for f and ho foh~! whenever h is an orientation-preserving C''-diffeomorphism
of M.

Henceforth, we assume that f has only power law singular points and, without
loss of generality, that f maps the boundary of M (if not empty) into itself and that
the one-sided derivatives of f at all boundary points of M are non-zero. We note
that in the general case, a boundary point of M should count as a singular point
anyway. We call a singular point with exponent v > 1 a critical point. Remember
that a singular point with exponent v = 1 is a non-differentiable point of f and
that a critical point is a differentiable point of f with zero derivative.

Let NP = {aj, -+ ,aq} be the set of non-differentiable points of f and let
CP ={c1, -, cq} be the set of critical points of f. Let I' = {71, ---, 74} be the
set of corresponding exponents at critical points of f. Then S = NP U CP is the
set of singular points of f. Let SO = [J,—, f°"(S) be the set of orbits of singular
points. Let PCO = J,;2_, f°"(CP) be the set of post-critical orbits of f.



GEOMETRICALLY FINITE ONE-DIMENSIONAL MAPS 2397

Definition 2. The map f is said to be C'T® for some 0 < « < 1 if

i. for every interval I in the complement of S in M, f|I is C' and (f|I) is
a-Holder continuous, and

ii. for every critical point ¢; of f, there is an open neighborhood U; of ¢; such
that f/(x)/]z — ¢;|"" 7! is a-Holder continuous when restricted to {z < ¢} N U; and
to {z > c}NU;.

3.1. A geometrically finite one-dimensional map. Let f be a continuous map
from M into M. If the set SO of singular orbits is non-empty and finite, then f
is a Markov map and there is a natural Markov partition n which consists of the
closures of intervals in the complement of SO in M. Let 1, be the nt" partition of
M induced from f with n and let A\, be the maximum of the lengths of intervals in
M-
Definition 3. A one-dimensional map f : M — M is said to be geometrically
finite if

(1) fis CHe,

(2) the set of singular orbits SO is non-empty and finite,

(3) no critical point is periodic, and

(4) there are constants C' > 0 and 0 < p < 1 such that A\, < Cu" for all integers
n > 0.

For a geometrically finite one-dimensional map f, we always take the natural
Markov partition 1 which is the set of the closures of intervals in the complement
of SO in M, and assume that 7, is the n'® partition induced from f with 7 and
that ¥* is the dual phase space of f with n. Within this context, we can talk about
the dual phase space and the scaling function of f. We can also fix an integer
no > 0 such that the closure U; of every open interval U; in ii of Definition 2 is the
union of two intervals in 1, and such that U = Ule U, is disjoint with PCO\ CP
(where PCO = |J;2, f°*(CP) is the set of post-critical orbits of f). Let V be the
closure of the complement of U in M. These notations will be fixed for the rest of
the paper.

Definition 4. A geometrically finite one-dimensional map f is said to be non-
critical if it has no critical point; and f is said to be critical if it has critical points.

3.2. A non-critical geometrically finite one-dimensional map. Let f be a
geometrically finite one-dimensional map and let ¥* be the dual phase space of f.
A function s on ¥* is said to be Holder if there are constants C > 0and 0 < v <1
such that |s(af) — s(a3)| < Cv™ whenever the first n digits of af and a3 in X* are
the same.

Theorem 1. Let f be a non-critical geometrically finite one-dimensional map.
Then the scaling function s on X* of f exists and is Holder.

To prove Theorem 1, we first state and prove some important lemmas.

Lemma 1 (the naive distortion lemma). Suppose g from a set W C M into M
is a C'* map for some 0 < a < 1 and suppose ag = infyew |¢'(x)] > 0. Let

bo = SUp, s ew % < 00. Then for any two sequences {x;}7_; and {y;}1—,

of W, . .
o (LTS3 1) < 2o 2
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Proof. The proof is easy since

og (1

=1

< En 1 g (i) — ¢’ (i)| < En b—0|33z‘ -yl
o o i)

g ()
9'(yi)

)] < - Jlos o' )| — 1o g’ ()
=1

Lemma 2. Suppose f is a non-critical geometrically finite one-dimensional map.
Then there are constants C' > 0 and 0 < p < 1 such that for any integers n, m > 0
and any interval I in Npim,
me / T
T) ‘} < Cu".
|(fom) ()]

Proof. For any x and y in I, let 2; = f°(x) and y; = f°'(y). From (4) of Defini-
tion 3, there are constants C; > 0 and 0 < 1 < 1 such that

|z — yil < Crpp™™

os
(o

for 0 <i < m. Let ag = minge jey | f'(z)| and let
/ Y
e sy SO =PI
Jen,x#yeJ |ZE - y|a

Since f is non-critical and C**%, we have 0 < ag, by < co. Applying Lemma 1 and
the chain rule, there are constants C > 0 and 0 < p < 1 such that

o (L) <

Proof of Theorem 1. Suppose a* = ---w, is a point in X*, where w,, is the first n
digits of a* starting from the right. For any n,m > 0, define I,,, = " (Lw,,,.)
and o« (w,) = [ Lo+ (w,4.,))- Hence

|5(Wnsm) — 5(wn)| = ‘ fc:; EZi - 1) - s(wp)
|y e e
=l il e
where = and y are in I, ., and 2’ and gy’ are in I,,,. From Lemma 2, there are

constants C' > 0 and 0 < p < 1 such that
) (fom) (@ (/") (")
(fom)(y) (for)' (')
Thus [s$(Wptm) — s(wy,)| < C%u™ for all m > 0, whence {s(wy)}%, is a Cauchy
sequence. This implies that the scaling function s(a*) = lim, o s(wy,) exists.
To prove that the scaling function s on ¥* is Holder, we consider two points
a* = wWpym and b* = wiﬂ_m whose first n digits are the same; that is, w, =
w!,. Following the previous argument,

—1)<Cu and )

-s(wy) < C.
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sl | Y@ G
samem) =)l = [ 7mpy = (i)

Y@ Y| (6
YW )

S(Wn)

) V@) )
(for)(y")
where x and y are in I, ., « and y’ are in Ly, and 2" and y’ are in I, .
Hence
|s(Wntm) — S(w;l+m)| < 207"
As m goes to infinity, we have

|s(a*) — s(b*)| < 202%™,
that is, s is Holder continuous. =

3.3. A critical geometrically finite one-dimensional map. Suppose f is a
critical geometrically finite one-dimensional map. Let CP = {¢1, - ,cq} be the
set of critical points of f and let T' = {71, - ,7v4} be the set of corresponding
exponents.

Theorem 2. Let f be a critical geometrically finite one-dimensional map. Then
the scaling function s, on X*, of f ewists.

Furthermore, because of the existence of critical points for a critical geometrically
finite one-dimensional map, we have

Corollary 1. Let f be a critical geometrically finite one-dimensional map. Then
its scaling function s is discontinuous on X*.

We note that since infre, zer|f'(x)] = 0 for a critical geometrically finite one-
dimensional map, we can not applying Lemma 1 directly. To overcome this diffi-
culty, we first prove two distortion lemmas. The integer ng and the sets U and V'
are the same as in §3.1. For a point = in M, let z; = f°i(x).

Lemma 3. There are constants C > 0 and 0 < p < 1 such that for any integers
n > ng and m > 0, and for any points x and y in an interval of Ny4m, if x; and y;
are in V for all 0 < i < m, then

)1og (I(f"m)’(:r)I)) <o,

|(fom) ()
Proof. Suppose f is C1T%. Let ag = mingey |f/(x)| and
o a0 PO

etyev [T —yl®
Then 0 < ag, by < co. From Lemma 1,

fom bO o
‘IOg (T)(>‘ Z |wz yz|

[(Fem)(
Since x and y are in an interval in 7y4m, *; and y; are in an interval in 7y 4m—;-
Hence |x; —y;| < Cu™t™~% because of (4) of Definition 3. Hence there are constants
C >0and 0 < p < 1 such that

|(fom) (=)
g (1LY 0
‘ |(Fom) ()]
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The next lemma is one of the key lemmas in this paper. To present a clear idea
of the proof, we first prove it under the assumption that PCO N CP = (. For a
point x in M, let x; = f°'(z).

Lemma 4. There are constants C > 0 and 0 < p < 1 such that for any integers
n > ng and m > 0 and any points x and y in an interval of Npim, if Tm and ym,
are in U, then
om :,C
‘log( jjom (y)] )‘ S

Proof. The ratio [(f°™)'(x)|/|(f*™)'(y)| equals the product TT"g" |/ (:)|/| £ (y:)l-
We divide this product into two sub-products,

() ()
IL jror =4 1 ey

i,y €U Ti,Yi €V

Following the proof of Lemma 3, there are constants C, C7 > 0 and 0 < p; < 1

such that e
‘log( H e )‘,Cl S lmi -l < Gy
i, Y €V
To estimate the ﬁrst product Hzi.yieU [/ (x)|/|f (y:)|, we write it as the product
of three factors:

B i — [ |f(ya) = f(er)|\
I—H(|f )

(w5) = flew )| |y — e, ™

i,y €U

- Yr; —1 I
II: H |y7, Ck?il |f (‘/El)l

zi,yi €U |f/(y1)| |$Uz - Ckilvki_l

_ ) — Flen)
wr= 11 (e

where z; and y; are in Uy, and tg, = (Yk; — 1)/7k,- Applying Lemma 1 and (1) of
Definition 3, and following the proof of Lemma 1, there are constants Cz, C§ > 0
and 0 < pug < 1 such that

and

§C2 Z | yz|a< /142

i,y €U
Now the proof of Lemma 4 concentrates on the estimate of ZZZ. Let

fxi) = flew) fxi) = f(yi)

I T o T
f(yz) - f(q%') f(y1> - f(ckz)
Then
r—1
1 |f(zi,) — f(yi.)
TIT —exp (S —Io ‘ :
@ ) =Tl
where i1 < iy < --- < 1,1 < m. Let i, = m. For each is, 1 < s < r, consider the

interval L, bounded by y;, and ¢k, and the map h, = folist1=is)  Let R, C Ly
be the maximal interval containing y;, such that hs; on R, is injective. One of the
endpoints of R, is y;, and the other is a preimage e of a critical point ¢;, in CP
under f°Fs for some 0 < kg < is41 — is. Let Iy = is41 — 45 — ks. Then hg on the
minimal interval J; containing z;, and Rj is injective and maps Js onto an interval
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containing the points y;,,,, =;,,, and f°%(c;,). We enlarge every interval J of V
into a closed interval J' O J such that J' N CP = () and such that the length of
J'NU is greater than a constant a > 0. Let V' = J;.,, J' be the union of all these
enlarged intervals and let U’ = M\ V. If f°i(J5) C V' forall 1 <i < isyq —is, by
following the proof of Lemma 3, there is a constant Cs > 0 such that

o) = Fa)l _ o i~ vl
Fwi) = Flew, )] = T — P2 ()]

Since y;,,, is in U and f°'*(c;,) is in PCO,

|f(xi,) — f(ys,)] |Tios = Yingal
Fw) e = b

where D > 0 is the distance between U and the post-critical orbits PCO. Other-
wise, let 0 < k < i541 — 145 be the smallest integer such that f°*(.J,)NU’ # . Since
fei(Js) C V' for all 1 < i < k, following the proof of Lemma 3, there is a constant
Cy4 > 0 such that

|f (i) — [yl |Zi, & — Yiork]
<0y )
|f(yi) = flew )l = yiasn — foF(e)]
Since y;, 1% is in V and f°%(e) is in U’,
|f(xi,) — f(yi.)l |3, 41 — Yi,+k]
S S S C S S
fwi) = flee ) =1 D

where D’ > 0 is the distance between V and U’. Hence, there are constants Cs > 0,
Cl >0 and 0 < pg < 1 such that

)logIII‘ <Cs Z |z — yi| < Ciply.
=0
Combining all the estimates, we have constants C' > 0 and 0 < p < 1 satisfying
the lemma. m

If PCONCP # (), we need to consider a critical chain: a subset {c;,,---,¢;, } of
CP is a critical chain if f°7*(c;, ) = ¢;, ., for some integers j; > 0 and {f°J (czk)}“ !
NCP =0.

Let z and y be two points in an interval in 7,4, where n > ng and m > 0. Let
x; = f°z) and y; = f°i(y) for 0 < i < m. Suppose ,, and y,, are in U. Using
the same notation as in the proof of Lemma 4, we consider

\f (i) = fyi.)

|f(yi.) = fer,,)
where i1 <ig <--- <i,_1 <mandz;, and y;, arein U, . (Note that Ck;, € Uk, 2
Let i, = m and denote c(s) = ¢, for 1 < s < r. We divide {c( ) m, into
maximal critical chains Z; = {c(1), -+ ,c(s1)}, Zo = {c(s1 + 1), - (52)} R
Ty =A{c(sq=1+1),---,c(sq) }- Remember that ¢(sq) = cx,,. The number of points
in every maximal critical chain is less than or equal to the number of points in C'P.
Now we can generalize Lemma 4.

r—1
1
III:exp(§ t—lo) +
k;
s=1

Lemma 4'. There are constants C > 0 and 0 < p < 1 such that for any integers
n > ng and m > 0 and for any points x and y in an interval of Nnim, if Tm and
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Ym are in U and if the last critical chain I, contains only one critical point cy,, ,

then
[(fom) ()]

log (7” < Cu”.

‘ |(fom) ()]
Proof. We use the same notation as in the proof of Lemma 4. The estimates of
7 and Z7 are the same as in that proof. Here we add maximal critical chains in
the estimates of ZZZ. Consider a critical point ¢(I) in a maximal critical chain
Z; = {c(sj—1 +1),--- ,c(sj)} for 1 < j < g. By arguments similar to those in the
proof of Lemma 4 and by the fact that f is comparable to B |z — c(1)[Y® + f(c(1))
near ¢(l), there is a positive constant Cg such that

) = )l i =il
) — flew)] = D

where 7; = stisj,lﬂ ~(1) <y = H‘iizl vi; and where D" is a constant. Therefore,
there are constants C5 > 0 and 0 < ps < 1 such that

‘logIII‘ < Capl.

Combining the estimates for 7 and ZZ together, there are constants C' > 0 and
0 < p < 1 satisfying the lemma. m

Proof of Theorem 2. Suppose a* = ...w, is a point in ¥* and v,, = 0*(w,). Then
Wy, = Uplg. We discuss the sequence {1, }52; in two cases: (1) there is an integer
ny > ng such that n > ny implies I,, C V, (2) there is an increasing subsequence
{nk}32, of integers such that I, C U for all ny.

In (1), by arguments similar to those in the proof of Theorem 1, we can prove
that {s(wn)}2, is a Cauchy sequence. Hence the limit s(a*) = limy oo s(wy)
exists.

In (2), consider all I,,, C Uy, C U and {cm, }32;. We can find an increasing
sequence {my, }72, such that the last critical chain of {c,, }32, contains only one
critical point for every 1 < i < co. Let n; = my,. For any n > n;, the intervals
Iy, and I,,, are the images of I, and I, under fo(=m4) "and the intervals Ly,

and I,

’Unl

are the images of I, and I,, under femi=n1)  Thus

foemm) (@) | [, |

s(un) = stun )| = |

fo(n—m))’(y) Bl |IU"7L|
B )(fo(n_m))/(x) ~ 1‘ - ) (fO(ni—n1))’(x/) - s(wy)
Py ey )

where z and y are in [,,, and 2’ and y’ are in [,,, . By Lemma 4', there are constants
C7 >0 and 0 < pu1 < 1 such that

o(n—mny;)\/
)W - 1‘ < Cu™ and ‘

for n > n;. Thus

(fotrmmy (@)
(folmi=m)(y')

cs(wy) <C

|s(wn) = s(wn, )| < C?p™
for n > n;. The sequence {s(wy)}52, is thus a Cauchy sequence and lim,, ., s(wy,)
= s(a*) exists. L]
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Proof of Corollary 1. Suppose c is a critical point of f. It is not periodic and its
orbit {f°™(c)}22, is finite. There is a periodic point p # ¢ and an integer [ > 0
such that f°i(c) # p for 0 <i <l and f°(c) = p. Let a* = wS® be a point in X*
such that {p} = (N;2; I,i where m is the period of p. From (4) of Definition 3 and
from Proposition 3, we have |E,| = |(f°™)'(p)| > 1 and the existence of an integer
0 < mg < m such that for ¢* = (¢*)°"™(a*), 0 < s(c¢*) < 1. We will prove that s is
discontinuous at c*.

Suppose ¢* = uSS. Without loss of generality, we assume that {f°(c)}7"
contains no critical points and that c is not the image of any critical point under
any iterate of f. For any u!,, there is a b* = ---v,u!, in ¥* such that I = Ly i,
contains c. For large i > 0, I is contained in U and f°/(I) is contained in V for
every 0 < j < n. Since f|I is asymptotically By|z —c|? + f(¢) as n tends to infinity
where v > 1, Lemma 3 implies that,

lim s(vyul)) = lim (s(uﬁn))v = (s(c*))’y
11— 00 =00
From Lemma 4’ and from the proof of Theorem 2, [s(b*) — s(vnw?,)| < Cu™t™.
We have
lim s(b*) = (5(0*))7.
b* —c*

Hence ¢* is a jump discontinuity of s. m

Remark 3. From the proof of Corollary 1, we can actually find out all continuous
points and discontinuous points of the scaling function of a critical geometrically
finite one-dimensional map. A point a* = ---w, in Y% is said to be recurrent
if there is an increasing subsequence {n;}32, of integers such that I, C U for
every n;. It is said to be non-recurrent if there is an integer n > 0 such that all
preimages of I,,, under iterates of f are contained in V. The point a* is said to
be wandering if there is an integer m > 0 such that I,,, CV for all n > m, and if
for every integer n > m, there is another integer m such that there is an interval
in the preimage of I,,, under f°" contained in U. We can prove that s on X* is
continuous at all recurrent a*, all non-recurrent a*, and all wandering points a* with
s(a*) =1, and that s is discontinuous at wandering points a* with 0 < s(a*) < 1.
All discontinuities are jump discontinuities.

Remark 4. From the proof of Corollary 1, if PCO N CP = (), then the exponent
~v > 1 of f at a critical point ¢ can be calculated from the scaling function s. Hence
the exponent 7 is a C''-invariant, by Proposition 4.

3.4. Complete smooth invariants. A geometrically finite one-dimensional map
f is simple if PCO N CP = §. To avoid notational complication, we consider
only simple geometrically finite one-dimensional maps in this section. Let F be an
(orientation-preserving) topological conjugacy class in the space of simple geomet-
rically finite one-dimensional maps, i.e., F is a subset of simple geometrically finite
one-dimensional maps such that every pair of maps f and g in F are topologically
conjugate by an orientation-preserving homeomorphism A. Since all maps f in F
have the same dual phase space ¥* we may speak of the dual phase space ¥* of a
topological conjugacy class F.

Remark 5. Take a fixed orientation-reversing homeomorphism hg of M. If f and
g are topologically conjugate by an orientation-reversing homeomorphism h, then
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fand g = hgpogohgy 1 are topologically conjugate by an orientation-preserving
homeomorphism.

Suppose f and g are in F and h is the conjugacy from f to g, i.e., ho f =goh.
In the paper [7], we proved that 2 must be a quasisymmetric homeomorphism [1].
This implies that h is a-Hélder continuous for some 0 < o < 1 [1]. Usually, h is not
Lipschitz because f has a lot of Lipschitz invariants, for example, all eigenvalues of
f at periodic points. However, we have

Theorem 3. Let f and g be maps in F and let h is the conjugacy from f to g.
Then h is bi-Lipschitz continuous if the scaling functions sy and sy on X* of f and
g are the same.

Proof. Let n be the natural Markov partition of M to f. Let 1, be the n* partition
induced by f with 1. Let mg be the number of the intervals in n and define
ko = mo + ng, where ng is the fixed integer in §3.1. For any integer n > 0 and any
iterval Ly, w, N Motk

|h(Iwk0wn)| — |Sg(wk70wn)| . |h(‘[wk0vn>|
|Iwk0wn| |5 £ (Wiown)| |Iwk0vn|

where wg, vy, = 0 (W w).

Let a* = -+ umwy, w, be a point in ¥*. For the sequence {lu,,wy w, }m—o We
consider three cases: (1) Ly, w, is contained in U; (2) lu,,wy,w, 18 contained in V'
for every m > 0; (3) there is an integer m > 1 such that Ly, w,, is contained in
V for every 0 < ¢ < m and Iuerlkazun is contained in U.

In case (1), we use Lemma 4 and Lemma 3 for both f and g to find constants
C7 >0 and 0 < pu; < 1 such that

Jos (20| < i
Sf(wko wﬂ)
and .
‘log (—Sg(a ) )‘ < Oy
Sg(wkowﬂ)
Because s, = sy, for Co = 2C and po = 1,
‘10g (Sf(wkown)> ’ < CQ,US
Sg(wkowﬂ)

In case (3), suppose I is the interval in 7y, having a critical point ¢ of f as an
endpoint and containing I, Wk W Then there is an integer 0 < [ < mg such that
f°Y(c) is a periodic point p of f and fOZ(IumekOwn) C f°Y(I). We note that f°/(I)
is an interval in 7g,—; and that f°l(Ium+1wk0wn) is an interval in 9 414kotn—i-
Remember that p is an endpoint of f°/(I). We can now find a point b* = w;
in ¥* such that the first m + 1 + ko + n — I digits of a* and b* (starting from the
right) are the same and such that the interval Iw; in n; is contained in V" for every
7 > 0 and tends to the periodic orbit U;’io f°i(p) as j goes to infinity. Thus we get
another sequence {Iw;_} which is in case (2). If m +1—1> 0, then I, w, is in
{Iw;}. If m+1—1<0, then we have that I, _,u, isin {Iw;}; from Lemma 3,
there are now constants C's > 0 and 0 < u3 < 1 such that

‘log (%)’ < C3py.
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Only case (2) remains. By applying Lemma 3, there are constants Cy > 0 and
0 < pa < 1 such that
sy (0%)

‘log (m)‘ < Cypy

and ")
S
g (=200 < 0.
‘ & Sg(Whown,) 44
Because s4 = sy, for Cs = 2Cy and p5 = pa,

‘log (%)’ < Cspg.

Let Cp be the minimum of the ratios log(|h(Iy)|/|lw|) for I, in ng,. From the
arguments above, there are constants C' > 0 and 0 < p < 1 such that

BT o C
)1OgM‘ Sco-f-CZ/f SCQ—I——M
|Iwk0wn| i—1 1- M
for all Iwkgwn in Nk, +n and all n > 0. Hence there is a constant, still denoted C' > 0,
such that Bl
C_l S | ( wkown>| S C
Wy w, |

for all Iwkown in Np4k, and all » > 0. Since the union of boundary points of all
intervals in 7,4k, for all n > 0 is dense in M,
o1 < M@= bl _
|z -yl
for every pair z and y in M. In other words, h is bi-Lipschitz continuous. =

A geometrically finite one-dimensional map f is mixing if for any interval I in
n¢, there is an integer n > 0 such that f°"(I) = M. Since the mixing condition
is topologically invariant, we may speak of a topological conjugacy class F being
mixing.

A singular point p of f is a fold singular point if f/(z)f’(2p—x) < 0 for  # p near
p. Let F'SP denote the set of all fold singular points of a geometrically finite one-
dimensional map f and let FSO = (J;2, f°*(FSP) denote the post fold singular
orbits. Let & be the set of closures of intervals of M \ FSO.

Let f be a geometrically finite one-dimensional map. Let 17 be the natural Markov
partition of M to f. Let 1, be the n'* partition of M induced by f with 1. Let
GSO = ;g Usen, 0J be the grand singular orbits of f. For a mixing topological
conjugacy class F, we have the following rigidity result.

Theorem 4. Let f and g be maps in a mixing topological conjugacy class F. Let
h be the conjugacy from f to g, i.e., ho f = goh. Then h|I for any I in & is
a CY*8_diffeomorphism for some 0 < 3 < 1 if and only if (i) h is differentiable
at one point p in M \ GSO with non-zero derivative and (i) the exponents and
asymmetries of f and g at all corresponding critical points are the same.

We prove Theorem 4 by means of several lemmas. Let F be a mixing topological
conjugacy class in the space of simple geometrically finite one-dimensional maps and
let f and g be maps in F. Suppose both f and g are C'** for some 0 < o < 1.
Let h be the conjugacy from f and g: ho f = go h. Let n be the natural Markov
partition of M to f. Let 7, be the n*" partition of M induced by f with 7 for
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0 <n < oco. Let &* be the dual phase space of F. Let CP = {c1,---,cq} be the
critical points of f. Let T' = {7y1,---,7v4} be the set of corresponding exponents
of f at critical points and let AS = {A;, Aa, -+, Aq} be the set of corresponding
asymmetries of f. Let ng and U and V be the fixed integer and the sets in §3.1 for
f-

Suppose I = Iwno € Nny and a* = - - - wypWy, is a point in ¥*. Then I,
interval in 7,,4y,. For any = and y in I, let x,, and y, in I,
of z and y under f°" for n > 0.

i, 1S a1
be the preimage

nWng

Lemma 5. There is a constant C'> 0 such that if all Iy, w,, are in V', then

) (H|f’ )‘SCM_W

and
7 19 (h(an))]
log 7‘§C-hx—hya.
oz (TT Ty )| < € @) = o)
Proof. From the proof of Lemma 3, there is a constant C7 > 0 such that
1 L i)l S
log ‘ <Oy )l —wl™
‘ (]:!If”( )I) ;g;

By applying Lemma 3, we have a constant Cy > 0 such that

20—l _ ¢ 2=l

i s | g |

for all 1 <n < co. So there are constants C3 > 0 and 0 < 3 < 1 such that
0 = yn| < Cs - pi - |z =yl

for all 0 < n < oco. This implies that

)bg(flgj )‘SC-M—yW

for some constant C' > 0. Similarly,

hog (TT 208D < ¢ ) -

Lemma 6. There is a constant C'> 0 such that if L, is in U, then

= | ()
s (n_l T

)D\gcwx—ma

and

Jos (TT 25| < 0 o) = o
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Proof. From the proof of Lemma 4, there is a constant C7 > 0 such that

‘1°g(H||}c/yn )|<ar Z'“ bl

By applying Lemma 4, we have a constants Cy > 0 such that

|Zn, — Yn| |z — y|
Pn = Inl .
e e

for all 1 <n < co. So there are constant C3 > 0 and 0 < 3 < 1 such that

n+mng | ng |

@0 — yn| < Cs- 7 - |z —y|
for all 0 < n < oco. This implies that

)||)‘§C~Ix—y|“

o (11 1725
for a constant C' > 0. Similarly,
hog (TT 508Dl < ¢ ) -

Let p be a point in M \ GSO. Consider the grand backward orbit of p under
f, GO(p) = U2, f~'(p). Then GO(p) is a dense subset of M since f is mixing.
From the equation h o f = g o h, we have that if h'(f(z)) # 0 exists and if x is not
a singular point, then

vy @)
W) = Sy W) £0

exists too. Therefore, if h'(p) # 0 exits, then h'(x) # 0 exists for any z € GO(p).

Lemma 7. If h is differentiable at a point p in M\ GSO with non-zero derivative,
then h'|GO(p) is continuous at p.

Proof. Since h'(p) # 0 exists, there is an open interval p € W such that h|W
is bi-Lipschitz. Because the eigenvalue of an expanding periodic point of f is a
bi-Lipschitz invariant, we have

(") (@) = (¢°") (h(q))
if f"(q) =qeW.

Suppose p € Iy = Ly,w,, € Nk+n, and that Iy C W. For any x € I N GO(p)
with fo(z) = p, let 2; = fe=9(x). Let 2; € Iixx € Nithan,- Then I, C
fo"(In4x) = Ix. There is a point g € T4k such that f°"(q) = ¢q. From ho f = goh,
we have

Wip) _ (¢°")(h(x)) _ (¢°") (h(x)

W) (fr) (@) (o) (ha) (for)(x)

Let ¢; = f°"9(q) and consider

S~—"
Yo
~
o
S
~—~
—~
)
S~—
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If I, C U, then from Lemma 6,

I(f°™) (@) k
log (—)‘ <Cilp—¢q|* <Cpu
) |(for) (@) '
where C7 > 0 and 0 < pu; < 1 are constants. Otherwise, consider the smallest
integer m > 0 such that I,,,; € U; C U. From Lemma 5, there are constants

C5 >0 and 0 < pe < 1 such that

‘10g (nﬁl ||]{,/((zf§||>‘ < Colp — q|* < Capss.
i=1 ¢

From Lemma 6, there are constants Cs > 0 and 0 < p3 < 1 such that

‘10g ( ﬁ ||}c,/((zf)>||)‘ < Cslwm — g™ < Cau ™™
i=m+1 v

Because f|U; and f'|U; are comparable to |z — ¢;|77 + f(c;) and |z — ¢;[%7 71,
there are constants Cy > 0 and 0 < pg < 1 such that
|f'(gm)]

e () e+ (B2

m 1 T — Cj
< Cuplp ™+ gl (=) |
J m J

If the distance dy, = dist(Ix, PCO) between I, and PCO is greater than the length
|Ix| of I, then |z — gm| < Cs min{|zm, — ¢;|, ¢gm — ¢;|} and

‘log (—'x’" - Cj')\ < o lBm = aml a;('xm“ - qm“')%'

|qm_cj| |qm_cj| |qm+1 —f(Cj)|
Ip — 4| 5 M]fo 5
<Go(F) 7 =on(2)”
>~ L9 dk >~ 10 dk

where C; > 0 for ¢ = 7, 8, 9, 10 and 0 < p19 < 1 are constants. So we have
constants C' > 0 and 0 < p < 1 such that

‘1og(|(f°n)l(Q)|>‘ SC(Mk+Mk+m+

ik
) &)

dp”

Similarly, we can get

(6" (h())] L
roe (Fmmragyy) | < O + 1 R

where d), = dist(h(Ig), h(PCO)). Thus

k

W (p) k k H
o PO <o iy I
) 08 Jrpy | S 20T T min{dk,d;ﬁ
This implies that h'|GO(p) is continuous at p. ]

Corollary 2. If h is differentiable at a point p in M\ GSO with nonzero derivative,
then h'|GO(p) is continuous at every point x in GO(p).
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Proof. We use the same notation as in Lemma 7. For any z € GO(p), let f°"(z) =
p, let p € Iy = Ly, € Mk+ny, and let & € Inig € Nntkin, such that f° (L) =
Iy. For any y € I+, we have

W)  (f)'(=) (@*)(hy) _ W(p)
() (for)(y)  (gon) (h(z) W (fom(y))

As in the proof of Lemma 7, we have

W (x) k k p* W (p)

1 < my By g ().

log (h/(;,))’ S OW i ey log (h’(ff’"(y)))‘

Now Lemma 7 implies that h’'|GO(p) is continuous at . L]

An interval I, = in 7y, is called critical if one of its end-points is a critical point
of f. Otherwise, it is called non-critical.

Lemma 8. If h is differentiable at a point p in M\ GSO with non-zero derivative,
then the restriction of h to every critical interval in 1,, is C*T2 for some 0 < 8 < 1.

Proof. Suppose I is a critical interval in n,,. Then I C U. Since f is mixing, there
is a preimage I, of I under f°™ such that I,, tends to p.

For any x and y in I, let =, and y, in I, be the preimages of x and y under f°".
From the equation ho f = g o h, we have

W(x) (%) (h(zn))  (f")(yn)  I'(2n)
' (y) (for)(xzn)  (9°") (h(yn)) N (yn)

Thus,

(1)

o ()| < hos () )| + s (g )|+ how ()|
(2) <C(|:1c—y|°“+|h(x) h(y) )—l—)log(h/gg)‘.

Since h'(x,) — W' (p) and h'(y,) — h'(p) as n tends to infinity, we have
b (x)
< —yl® — ).
o8 (5rp7)| = €l = vl + (@) = b))

This implies that A'|(I N GO(p)) is uniformly continuous. Therefore, it can be
extended to a continuous function A’ on I. Furthermore, the last inequality implies
again that h is C'*7 for g = a. L]

Lemma 9. If h is differentiable at a point p in M \ GSO with non-zero derivative
and if the exponents of f and g at corresponding critical points are the same, then
the restriction of h to every interval I C 'V in n,, is C'T8 for some 0 < 3 < 1.
Proof. Suppose I, in n,,+n is a preimage of I under f°". Since f is mixing, we
can choose I, such that I, tends to p. Let I, ; = fo=9(I,,) for 0 < i < n.

For any  and y in I and n > 0, let x,, and y,, in I,, be the preimages of = and
y under f°". From the equation h o f = g o h, we have

W(x) _ (g7") (Mxn))  (f") (yn) ' (2n)
W) () @n) o (9o) (yn)) 1 (yn)

Thus,

b b b R e
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Let m = m(n) > 0 be the smallest integer such that I, , € U; C U. Then

m—1

e ()| < | X (ol w0l = togl o))
i=1
+ [ (108l 1o - ol )|

n 10g(Ig( @m )l 1 (ym)| )‘

)l 19/ Blym)]
+| > (toglf we)l —tog| £ (@)l

i=m+1
n zn: (1og|g’(h(wi))|—loglg'(h(yi))m'

1=m-+1

From Lemma 5, there is a constant C; > 0 such that
m—1
> (1og 1/ (wa)| —log | /()] )| < Cula =yl
=1
and
m—1
|3 (1oglg' ()|~ loglg'(h(wa))])| < Culh(a) — hly)|*.
=1

From Lemma 6, there are constants Cy > 0, C3 > 0, and Cy > 0 such that

|2 (togl ) ~tos (20|

i=m-+1
< Col@m — ym|® < CslTm—1 — Ym—-1]"7 < Calz —y|7.

Similarly,

|32 (sl ()] ~ ol by

1=m-+1
< Calh(@m) — hlym)| 7 < Calh(z) — h(y)| 7.

Now we consider

9" (h(@m)) 1S (ym)|

5= e T8 )]
Define
S=51-55-53
where
DA 2 (1) N 1P B 10
m) —hle)o T g hlym)
6 _ = 17w

@)l Jym — e
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and

Sy = (M>w—l : (%)w—l'

|Tm — ¢ Ym) — h(c;

Lemma 8 implies that

)1og53‘ < Cslzm — ym|* < ColTm—1 — ym—1|% < Crlo — y|%
where C; for i = 5, 6, 7 are constants. From (1) of Definition 3,

‘105%52) < Cslzm — yml|® < Colm—1 — ym—l|% < Crolz — y|%

and

o

)logsl‘ < Cs|h(@m) = h(ym)|® < Colh(@m-1) = h(ym—1)|7 < Crolh(z) — h(y)|F

where C; for i = 8, 9, and 10 are constants. Thus,

h/(l') a o
< —yl~ — ~
o8 (rp7)| = Cllz = ul* + Ih@) = h(w)] %)
where v = max{v;}¢;. So A'|(I N GO(p)) is uniformly continuous. It can be

extended to a continuous function on I. Furthermore, the last inequality implies
that h|I is C1*P for 8 = /7. "

Proof of Theorem 4. The “only if” part follows from direct calculation. Let us
prove the “if” part. From Lemmas 8 and 9, h is C'*# for some 0 < 3 < 1 when it
is restricted to any interval I in 7,,. Using the equation ho f = go h, we have that
h is C'*# when it is restricted to any interval I in the natural Markov partition 7
of M to f. It remains to check that h is continuous on I for any I in £. If s is a
singular point, then we can find an open interval W contained in an interval Iy of
1o such that s € f(W) and f: W — f(W) is a diffecomorphism. This implies that
h is continuous at s. If s is not a fold singular point, we have, from the equation
ho f =goh, that for x # s near s,
g'(h(z))

W (f(x)) = Wh’(l’)-

This implies that
W (f(9)+) = 2L p(s) and W (f(s)-) = 22Lh(s)
B+7g B_>g

where By and B4 4 are the numbers in the beginning of §3 for f and g. Because
f and g have the same asymmetry at s, the last equation implies that

W(f(s)=) = (f(s)+).

So h is continuous at f(s). Similarly, h is continuous at all points f°(s) for i > 0
if s is not a fold singular point. Therefore, the restriction of h to any interval I in
£is C1H5, =

One consequence of Theorems 3 and 4 is that scaling functions together with
exponents and asymmetries are complete C''-invariants as follows:
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Theorem 5. Let f and g be maps in a mizing topological conjugacy class F and
let * be the dual space of F. Let h be the topological conjugacy from f to g,
i.e., foh = hog. Then hlI for any I in ¢ is a C*P-diffeomorphism for some
0 < B <1 if and only if the scaling functions sy and sg, on ¥*, and the exponents
and asymmetries of f and g at corresponding critical points are the same.

Proof. The “only if” part follows from Proposition 4, Remark 2 and direct cal-
culation. Let us prove the “if” part. From Theorem 3, h is bi-Lipschitz. It is
differentiable at almost all points in M. A bi-Lipschitz function is absolutely con-
tinuous; therefore, h'(z) > 0 exists for almost all points in M. Since GSO has
measure zero, there is at least one point p in M \ GSO such that h'(p) > 0 exists.
Theorem 5 now follows from Theorem 4. ]

Remark 6. In [4] and [5] we have studied a special topological conjugacy class,
which we call the space of Ulam-von Neumann transformations, of geometrically
finite one-dimensional maps. We have shown that the set of eigenvalues at periodic
points and the exponent and asymmetry at a unique critical point of a map in this
space are complete Cl-invariants. This result can be also discussed for a mixing
geometrically finite one-dimensional map.
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